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Motivation

> Mixed-effects models are commonly used to fit longitudinal or repeated measures
data.

> In longitudinal studies, it is common to observe more than one series of responses
repeatedly measured in each subject across time. This type of data is called
multivariate longitudinal data and is analyzed (in general) using the multivariate
linear mixed effect (MLME) model proposed by Shah et al.

> Studies of HIV viral dynamics, often considered to be a key issue in AIDS research,
consider repeated/longitudinal measures over a period of treatment routinely an-
alyzed using MLME to assess rates of changes in HIV-1 RNA level or viral load.

> The number of RNA copies (viral load) in blood plasma and its evolutionary
trajecto-ries play a prominent role in the diagnosis of HIV-1 disease progression
after an ARV treatment regimen.

» However, depending on the diagnostic assays used, measurements of viral loads

may be subject to upper or lower detection limits, values above or below these
limits are not quantified.
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Motivating dataset : AIDS clinical trials

> A5055 study
— 44 infected patients with the human immunodeficiency virus type 1 (HIV-1);
— These patients were treated with one of two potent ARV therapies;

— 2 response variables: the viral load (logio(RNA)) and the CD4/CD8, where CD4 and CD8 two
immunologic markers frequently used to monitor disease progression in AIDS studies ;

— 33.5% (106 out of 316) of measurements lies below the limits of assay quantification (left-censored).

— Black lines indicate patients under treatment 1 and red lines indicate patients under treatment 2
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Recent Works
Longitudinal Models

Censored longitudinal models with normal distribution
> Samson et al. (2006) [Computational Statistical & Data Analysis)
> Vaida et al. (2007) [Computational Statistical & Data Analysis)
> Vaida & Liu (2009) [Journal of Computational and Graphical Statistics]
> Matos et al. (2013a) [Computational Statistical & Data Analysis)

Censored longitudinal models with heavy-tailed distribution
> Lachos et al. (2011) [Biometrics]
> Garay et al. (2014) [Statistical Methods in Medical Research]
> Matos et al. (2013b) [Statistica Sinica)
> Wang et al. (2015) [Statistical Methods in Medical Research]
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Proposta

» Goal: model variables with multiple censored responses using distributions with
heavy tails.

> Classical solution: In the frequentist context, the main hypothesis assumed is
that the random terms follows a multivariate normal or Student-t distribution;
and the EM algorithm is used to estimate the parameters.

> Problem: Some data sets are not compatible with the assumption of normality,
either by the heavy tail or by the presence of atypical values. And depending on
the distribution chosen for the random terms the EM algorithm can not be
implemented.

> Proposal: Use more flexible distributions for random terms. In this case, we will
work with the so-called Scale mixture of normal distributions (SMN) and for the
estimation procedure we will adopt the SAEM algorithm.
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Scale mixture of normal distributions (SMN)
Andrews & Mallows (1974); Lange & Sinsheimer (1993)

Stochastic representation

y =+ w(U)"2, () |

> 1 € Ris a location vector;
> Z ~ N(0,X);

» U is a positive random variable with cumulative distribution function (cdf)
H(u|v) and probability density function (pdf) h(u|v);

> v is a scalar or parameter vector indexing the distribution of U;
> (U) is the weight function;
» Z 1 U;

> Notation: y ~ SMN,(u, X; H).

Larissa A. Matos, NESS 2019 Flexible longitudinal linear mixed models for multiple censored responses data



Scale mixture of normal distributions (SMN)
> Conditional distribution:

U=u ~ N(p,r(u)X),
U=u ~ h(ulv). (2)J

» The pdf of y is given by:

fly) = /0 % bo(y: o () E)IE(ul2). (3)J
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Scale mixture of normal distributions (SMN)
Special cases: y € RP

» The multivariate normal distribution

> P(U=1)=1,
> Distribution function: N(y|u, X) = ¢p(y; 1, X).

» The multivariate Student?s-t distribution

> U= Gama(v/2,v/2);
> k(u) =1/u;
» Distribution function:

vy B g\ —(pv)/2
T(ylp, X,v) = vP2|g|71/2 (1 + ;)

G
(%) r(g)me2”
where d = (y — ) TE7H(y — ).
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» The

multivariate slash distribution

> U = Beta(v, 1);
> k(u)=1/u;

» The

Distribution function:

1
SL(y|u, £, v) = 1// 0 Lo(y: pyu E)du, e (0,1), v>0.
0

multivariate contaminated normal distribution

U is a discrete random variable taking one of two states and with probability
function given by h(u|v) = vl (u) + (1 = v)I1y(u) and v = (v,7);

> k(u)=1/u;

Distribution function:

CN(ylp, Z,v) = vép(y; 1,71 E) + (1 — v)op(y; 11, X).

The parameter v can be interpreted as the proportion of outliers while
may be interpreted as a scale factor.
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Scale mixture of normal distributions (SMN)

» The univariate case:

Student-t Slash Contaminated Normal

Normal Normal
v=2 v=(02,02)
v=5 v=(0.505)
v=10 v=(09,0.9)
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SAEM Algorithm
EM Algorithm - Dempster et al. (1977)

Let @ be the parameter vector and y. = (yT7 qT) be the vector of complete data, i.e.,
the observed data yT and the missing/censored data (or the latent variables,
depending on the situation) g . The EM algorithm consists basically of two steps:
the expectation (E-step) and the maximization (M-step).

> E-Step: Calculate the conditional expectation

Q(©18“) = £ [ec01ye) 1v,6"],

where g(k) is the estimate of @ at the k-th iteration.

» M-Step: Update ok according to

~(k+1)

7] = argmaxQ(0 | 6(”),
0
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SAEM Algorithm
MCEM Algorithm - Wei & Tanner (1990)

> E-Step: MC:
1. Simulation-step: Draw q(%) (1 =1,..., m) from the conditional distribution
Ak=1)
f(aly, 0" )
2. Approximation-step: Using q(¥+/) (I=1,...,m), calculate the conditional

~(k
expectation Q(0 | 8’ )) through the approximation,

(K 1 &
QO18"™) = = > te(6la™. y).
=1

> M-Step: Update ok according to

A(k+1)

0 = argmaxQ(9|§(k)).
0
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SAEM Algorithm
SAEM Algorithm - Delyon et al. (1999)

» E-Step:

1. Simulation-step: Draw q(%) (1 =1,..., m) from the conditional distribution

~(k—1
f(aly, 9" ));

~(k
2. Stochastic-approximation-step: Update Q(0|0( )) according to

(k—1)

Q018" = (018" V) + 5, Z @la®,y) — Q8" )|,

where £c(0 | yc) = >-7 1 4i(0 | yc) is the complete log-likelihood function and 6y
is a smoothness parameter, i.e., a decreasing sequence of positive numbers such
that 3272, 8k = 0o and 332, 62 < oo.

> M-Step: Update ok according to

~(k+1)

0 = argmaxQ(9|§(k)).
0
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SAEM Algorithm
SAEM Algorithm - Delyon et al. (1999)

> As proposed by Galarza et al. (2015), we will consider the following smoothing

parameter
1 if 1<k<cW,
=4 1 o oiie (@)
—aw: T WH+1< kS W,
where,

o W is the maximum number of iterations; and
e cis a cut point (0 < ¢ < 1) which determines the percentage of the initial
iterations.

e Other proposals for the smoothing parameter d, can be found in Kuhn &
Lavielle (2005), Jank (2006), among others.
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SMN-CR model

Correlation structures - Mufioz et al. (1992)

Damped exponential correlation (DEC):

ti—txl®2] . .
EI‘:EI'(¢7tI'):|:¢:‘[J ¢l :|,I:1,...,I‘l, J:k:]-»"'7nl'7 (5)

> ¢1: describes the autocorrelation between observations separated by the absolute
length of two time points;

> ¢y permits acceleration of the exponential decay of the autocorrelation function,
defining a continuous-time autoregressive model.

For the DEC structure, we have that:

(a) if ¢2 =0, then E; generates the compound symmetry correlation structure;

(b) when 0 < ¢ < 1, then E; presents a decay rate between the compound symmetry
structure and the first-order AR (AR (1)) model;

(c) if g2 =1, then E; generates an AR(1) structure;
(d) when ¢2 > 1, E; presents a decay rate faster than the AR(1) structure; and
(e) if g2 — oo, then E; represents the first-order moving average model, MA(1).
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The SM

N multivariate linear mixed model for censored responses

Let Y; =[yi1:...:Yi] then
yi=XiB+Zb;+e, i=1,...,n; (6))
with:
> y; = vec(Y;) = (yl.-;7 e 7y;'r—)-'—, where yj; = (yji1, - - - ,y,-j,,l.)T is an n; X 1 vector of

the jth outcome For the ith subject;

X;j = Bdiag{Xj1,..., X}, where Xj; is an n; x p; design matrix for fixed effects
corresponding to the jth outcome of the ith subject;

Z; = Bdiag{Zj1,...,Z;}, where Z;; is an n; x q; design matrix for random effects
corresponding to the jth outcome of the ith subject, generally a subset of X;;;

B = (,BIT, .. ,ﬁ;r)T is the p x 1 vector of fixed effects associated with the design
matrix X;, p = Z}Zl pj;

b, = (b;{,...,b;)—r is the g X 1 vector of random effects associated with the
design matrix Z;, g = Z;-Zl qj;

€; = vec(E;) = (€]],...,€] )T is the s; x 1 vector of random errors (s; = n; X r),
where E; = [€j1 : ... : €] and €j; corresponds to the error for the jth outcome of

the ith subject.
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Modelo linear multivariado mistos censurado

> Instead of the usual assumption of normality for the errors and random effects,
we replace the multivariate normal distribution with the multivariate SMN
distribution. Therefore, the model can be expressed as

yi | b; Lo SMNg; (X;3 + Z;b;, R;; Hy),
I SMNg(0,D;Hz), i=1,...,n. (7)

> Using the stochastic representation (1), the hierarchical representation (four
stages) of the model defined in (6) is given by

yi | bi, K e Ns,(XiB + Zib;, 57 'R;),
bilm ™ Ng(0,77'D),
a R )
n " ) ®)

where R; = X ® Q;.
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The SMN-MLMEC model

Censored Response

Recall that we are interested in the case where left-censored observations can occur.
That is, the observed data for the i-th subject is represented by (V;, C;), where

> V; is the vector of uncensored observation or limit of quantification; and

» C; is the vector of censoring indicator whose value equals one if censored
observation and zero if uncensored observation,

such that, considering the left censored case, we have that

yik < Vi se Cy=1,

Yijk = V,‘j se ijkZOv
withi=1,...,n,j=1,...,n;and k=1,...,r; where V; =[Vj1:...: V] is an
n; X r matrix and C; = [Cj1 : ... : Cj] is an n; X rmatrix.

> For ease of presentation, we assume that the data are left-censored. The
extensions to arbitrary censoring are immediate.
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The SMN-MLMEC model

> The estimation procedure of the proposed model is derived through the the
complete data log-likelihoodfunction, given by:

n

> llog £(yilbi, &) + log f(bj| ;) + log b (s;|v) + log ha(7i|n)]
i=1

£:(01yc)

n

1< 1 _
-5 S log |Ri| — 5 ST kilyi — XiB — Zib) TR Ny — XiB — Ziby)
i=1

i=1

1 n 1 n _ n n
- 5 > log|D| — 5 S aib D7 b + > log h(kilv) + > log ha(7iln) + K,
i=1 i=1 i=1 i=1

where K is a constant that does not depend on the parameter vector
0= (B,0,0,,v,m),andyc =(VT,CT,yT b7, kT, 77)T (augmenting data).
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The SMN-MLMEC model

Maximum likelihood estimation - SAEM

» Q-function: For the i-th subject,

Q (e\é(k)) T G 5 L og 1B — 5tr(ﬂnz( B 1y - = Zlog|R
1 —= (k) ~ —~ —~ —~ —
Y [tr(“ylg(k)er(k)) - 2ﬁ(k)TXfTR71(k)@(k) +280 7 xR 710z, %)

- 2tr(z,.T§,.*1(k)E§b\,-(k)) +:r(zfﬁfl(k)z,-?b,?(k)) + ra(k)fi(“Tx,.Tﬁfl(“x,-B(”] ,

with
thi") = E [log (i |0V, €, 80, T ™) = E [log ho(miImIVs, €1, 8%]
(k) =
Ny, =E [my,*y,- \V;,C;,G( )] ) Ry, = E[ ,y,IVnC,,G(k)]
w02 £ [0 v, €. 0%] w6 = E [V, €;, 8%,
b2( e[ v 89] e = E [myb] Vi€ 0%
k) = [n |v,-,c,-,§(")} .
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The SMN-MLMEC model
SAEM - E-step

> Simulation-step: Gibbs Sampler

(kiI=1) _(kI=1) 5( )
» b )

_ k
Passo 1. Sample y§ from f(yf|V¢,y¢ ,bgk’l 1),/€, ), where

Y7 VP, ¥7, b, ki, 77, 0 ~ TNee (m;, k1S5 A,

with A; = {y¢ = (g, -, ¥E) TIvg < VS, oo vge < Vi,
pi = (XPB+Zbj) +RP(RP) 7y — X?B — Z7b;) and
Si = R —RP(RY®) 'R

Then, y’(k,/) = (yi1,--- ,y,-sp,y,;(,k;ll), S ,y,-i_(k’l)) is a sample generated for the s?

observed values (uncensored cases) and the censored cases.

Passo 2. Sample b,(. N from f(b; \y (k/ 1),71.(‘(’,_1),@(’()), where
bilyi, Ki, i ~ Nq(“’iZ,T R ki(yi — XiB), W),
with W = (n,-z,TR,.—lz,- +7;,D71)~! (Arellano-Valle et al., 2005, Lemma 2).
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The SMN-MLMEC model
SAEM - E-step

(k.1

Passo 3. Sample ; (k’l),bﬁk’l),Ti(k’lfl)ﬁ(k)).

) from f(kily;

(k1) (k1) b(k /) (KD a(k)).

Passo 4. Sample 7;7°" from f(ily; K;

Observacdo: Note that, since y; | b; is independent of 7;; b; is independent of
ki; and k; and 7; are mutually independent, we have

f(silyi, bi, i) o< f(yilbi, ki) f(si)

and
f(7ilyi, bis ;) o< £(bi|mi)f (7).

Larissa A. Matos, NESS 2019 Flexible longitudinal linear mixed models for multiple censored responses data
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The SMN-MLMEC model
SAEM - E-step

Distribution of €; Distribution of «; Distribution of x;|y;, b;, 7;

T (0, R;, v) Gamma(v /2, v/2) Gamma ((u +5)/2, (Dg,, + u)/z)

SLg;(0, R;, v) Beta(v, 1) TGamma (u +5i/2, Dgl_ /2, 1)

ONg(0, Ry, vy, vp)  vilf, 3 (ki) + (1 = vy (ki) P(kj=wvp) =1~ l;’('c,' =1 =p/pL+ P
s
p1 = vivy exp{*%Dgi va}

P2 = (1 = v)ew{~ 502}

2 To=T
Dg = (i = X;B — Z;b;) " R, “(y; — XiB — Z;b;)

Distribution of b; Distribution of 7;

Distribution of 7;|y;, b;, r;
Tq(0, D, ) Gamma(/2, 1/2) Gamma (1 + a)/2, (03, + m)/2)
SLq(0, D, 7) Beta(n, 1) TGamma (n +q/2, Dgi /2, 1)

Ng(0,D, 0y, n7) MLy, (mi) + @ = m)l{y(7i) P(ri=m)=1—P(rj =1)=q1/q1 + a2

2
a1 = mn3’ “ep{— 507 m}

@ = (1~ m)ep{— 30}

VI i T
D, =b; D~ Tb;
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The SMN-MLMEC model
SAEM - E-step
(k’l), b(k’l), fi(k'l) (k,l))' [=1,..

i i i T

> Stochastic-approximation-step: (y

ny,?(k) _ Kylg(kfl) sy (i iﬁfk,l) Sk,l)yl(_k,l) B ;y*iz(kfl)) 1
m =1
1 m

S (, PN @(k—l)) ,
m =1

Nb’Z(k) _ b12(l<71) v o (i i ng,/)bgk,/)bl(_k,l)T _ @(k—l)) ’
m =1

PN USSP <i Xm:'@gk’l)bﬁk’l) _ a(k—l)) i
m =1

G B G VI (i imgk,l)ygk,l)hgk,I)T 7;;’_(;(71)) 1
m =1

;\h’g(k) _ k=D (i irr(k,l)bfk,/)bgk,/)T B ;\iz(kfl)) 1
m =1

m

a0 mken (é SRl @(k—u) ,
=

w0 = Y g, (l i'og h1(N§k’/)\9(k71)) *ﬂﬁk_l)> ,
m =1

Fn O T Gt N <i ilog ho(r 5D k=1, 77@("*1)) .
m =1
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The SMN-MLMEC model

SAEM - CM-step

~(k
Update 0( )
expressions:

~(k+1)

B

(k+1)

$(k+1)
plk+1)

Slk+1)

Akt

by the maximization of Q(0|§(k)), which leads to the following

Larissa A. Matos, NESS 2019

(iﬁ,—(“xfﬁfl(“x,) Zx R (5,0 -z M)
i=1

(i ) L i, o (@7 Rel) forj =1,
(22 n)” E,-:ltr[ l(k)( relk )+HESU))] forj #1,

r - -1
argmax { -3 ; log |Q;(¢, t;)| — 5 ;tf [(Z(k) ® Qf(‘;b,ti)) NE;} },

PE(0,1)xRF
1L —
I
nui=

argmax Z Zhl, (V),

i=1

argmalehz (’r])

i=1

Flexible longitudinal linear mixed models for multiple censored responses data
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The SMN-MLMEC model

Likelihood estimation

The likelihood function for the observed data can be computed as
Lo@y™) = T1[ | [ rulois O3mei)a | (oo}
i=1 0
Partitioning y;, we obtain

n oo
Loy =TT/ [/0 o (93 XEB — ZEby, 17 TRE)Doc (VS gy, 78 o () iy
i=1

X

r(bi6)db; = [T [ (vilbi, i 0)¢ (bijo)ab ©)
i=1

where
g(yilbj, £ii0) = [5° dso (¥9: XEB — Zebj, k) 'R Doe (VE; s, 17 'S (ki) dr.
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The SMN-MLMEC model

Likelihood estimation

The integral involved in (9) can be computed using an importance sampling strategy
for any continuous distribution. In fact, we have

f(b;|0)

7 b,
f*(bi|0)

Lo(6;y%) = H/g(y,'\bi,f”vi;e)
i

where f* is the importance distribution. Consequently, Lo(6; yf’bs) is estimated
through the following approximation:

"1 X f(bim|0)
Lo(8;y°>) = — g(yilbim, ki; 0) ———_| ,
° E M rnX:;l f*(bim|0)
with bji, ..., by begin draw from f*(b;|0).
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The SMN-MLMEC model

Model selection criteria

> AIC and BIC

AIC =2m — 2{max and BIC = mlog N — 2 pmax.

» Decompositions AIC of BIC (Zhang et al., 2014)
Let y4 = (y;{, .. ,yl.—rr*)T and y% = (y,.—rr*ﬂ, .. .,yI)T, where y; = (y,1 ,yf;— T
and r* € {1,...,r}; then, the AIC and BIC have the following decompositions:

AIC = AICy; + AICy;yx and BIC = BIC,; +BICy; ;.

» Model assessment criteria

AAIC = AIC),Z*0 — AlICyxy» and ABIC = BIC, 5o — BIC

3 Iy VA

The model with a large value of DeltaAlIC or DeltaBIC fits the data better.

Larissa A. Matos, NESS 2019 Flexible longitudinal linear mixed models for multiple censored responses data
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Analysis of a real data set
A5055 clinical trial

yitk = Bio + Biity + Brotreat; + P1std® + Biatreat; x ty + biro + binati + ek,
B20 + Ba1tik + Baotreat; + Bostreat; X ti + bizg + bj21tix + e€jax,

=
N
=

Il

i=1,...,44,

> i1k is the log;y (RNA) response for subject i measured at ty;

> yiok is the log(CD4/CD8) response for subject i i measured at t;
» 316 observations;

» 33% of all viral load measurements are below the detection limit;

> ty = day; /7 (week), for k = 1,...,s;, where day=: 0, 7, 14, 28, 56, 84, 112,
140 e 168;

> treat; is a treatment indicator (= O for treatment 1; = 1 pfor treatment 2);

> bjjo and bj; are the random intercept and random slope, respectively, for yjy,
j=1,2.

> This data set was previously analyzed by Wang et al. (2015).

Larissa A. Matos, NESS 2019 Flexible longitudinal linear mixed models for multiple censored responses data
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Analysis of a real data set
A5055 clinical trial

Model comparison criteria for the scale mixtures of normal?multivariate censored linear mixed effect models

under the damped exponential correlation (DEC) structure:

Distribuicdo € / Distribuicdo b
N/N SL/N T/N N/SL N/T SL/SL SL/T T/SL T/T

AIC 789.85 742.18 739.59 791.98 792.29 744.47 744.54 741.85 741.51
BIC 896.62 853.41 850.81 903.20 903.51 860.14 860.21 857.52 857.19
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Analysis of a real data set
A5055 clinical trial

Maximum-likelihood estimates with standard errors under the T/N-MLMEC model:

Structure ‘ Parameters Estimate (SE) Parameters Estimate (SE) Parameters Estimate (SE)
B10 3.743 (0.134) diq 0.1446 (0.0829) o011 0.409 (0.076)
B11 0.130 (0.026) dy1 0.0011 (0.0133) o1 -0.039 (0.020)
B12 -0.005 (0.067) dy -0.0884 (0.1182) o 0.050 (0.011)
B13 -0.957 (0.098) d3; -0.0011 (0.0033) b1 0.704 (0.065)
B1a -0.007 (0.025) dan 0.0034 (0.0027) ¥ 0.632 (0.131)
bEC B20 -1.284 (0.077) da3 -0.0122 (0.0116) v 4.737 (0.003)
Bo1 0.005 (0.005) day -0.0004 (0.0004)
B 0.252 (0.084) dgn 0.2727 (0.0861)
Bosz -0.003 (0.007) daz 0.0008 (0.0015)
daa 0.0001 (0.0001)
‘ loglik -344.79 AIC 739.59 BIC 850.81
B10 3.718 (0.135) di1 0.4089 (0.1463) 011 0.263 (0.053)
B11 0.129 (0.026) a1 -0.0112 (0.0153) oot -0.024 (0.012)
B12 0.003 (0.091) oy -0.0964 (0.1251) om 0.028 (0.005)
B3 -0.955 (0.075) daq 0.0002 (0.0030) v 4.340 (0.004)
UNC B1a -0.008 (0.027) d3p 0.0054 (0.0029)
B2o -1.278 (0.076) d33 -0.0132 (0.0116)
Bo1 0.005 (0.004) day -0.0006 (0.0004)
B2o 0.286 (0.081) dap 0.2953 (0.0785)
Ba3 -0.006 (0.006) da3 0.0002 (0.0015)
daa 0.0001 (0.0001)
‘ loglik -357.97 AIC 761.94 BIC 864.26
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Analysis of a real data set
A5055 clinical trial

Decompositions of AIC and BIC under the best scale mixtures of normal?multivariate censored linear mixed

effect model:

AIC 739.59 BIC 850.81

AlCys s 92.65 BICys)y;  158.80

AIC, ; 125.26 BIC, s 166.58
2,0 2,0

AAIC 32.61 ABIC 7.77
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Simulation Studies

> Simulation I: This study provides an extensive simulation scheme designed to
examine the empirical performance of the parameter estimates under different
specifications of the parameters v and 3. Recall that those parameters are
involved in the distribution of the mixture variables, controlling the heavy-tailed
behavior of our resulting model, say, the SMN-MLMEC model.

> Simulation Il: The second simulation scheme focuses on the study of the finite
sample properties of the parameter estimates under different censoring
proportions. We generate random samples from a SL/SL-MLMEC model, ie, we
consider a SMN-MLMEC model where the distribution of the error term and the
random effect follows a slash distri- bution. In this scheme, we fit several
heavy-tailed SMN-MLMEC models and compare them using the AIC and BIC
measures.

> Simulation IlI: Finally,the third simulation scheme studies the effect of the
misspecification of thedistribution of the error and random effect terms on the
parameter estimates. As in the previous scenario, we draw random samples from
an SL/SL-MLMEC model, fitting different heavy-tailed SMN-MLMEC models,
including the normal one. We compare these models using the AIC measures and
log-likelihood values.
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